2 (a) D = g22(0,2)gyy(0,2) — [g=4(0, 2)]* = (—1)(1) — (6)> = —37. Since D < 0, g has a saddle point at (0, 2)
by the Second Derivatives Test.

() D = g22(0,2)gyy(0,2) — [924(0,2)}* = (~1)(—8) — (2)? = 4. Since D > 0 and g.-(0,2) < 0, g has a local
maximum at (0, 2) by the Second Derivatives Test.

(©) D = 922(0,2)9y4(0,2) ~ [924(0, 2)]> = (4)(9) — (6)* = 0. In this case the Second Derivatives Test gives no
information about g at the point (0, 2).




e ywwr\ sy 4y~ v, J uas a0CA Dummum at (1,1).

4. In the figure, points at approximately (—1, 1) and (—1, —1) are enclosed by oval-shaped level curves which indicate
that as we move away from either point in any direction, the values of f are increasing. Hence we would expect
local minima at or near (—1, +:1). Similarly, the point (1, 0) appears to be enclosed by oval-shaped level curves
which indicate that as we move away from the point in any direction the values of f are decreasing, so we should
have a local maximum there. We also show hyperbola-shaped level curves near the points (—~1,0), (1,1), and
(1, —1). The values of f increase along some paths leaving these points and decrease in others, so we should have a
saddle point at each of these points. ‘

To confirm our predictions, we have f(z,y) = 3z — 2° ~ 2% +3* = f:(z,9) = 3~ 322,

fulz,y) = —4y + 4y°. Setting these partial derivatives equal to 0, wehave 3 — 322 =0 = z = 41 and

-4y +4y*=0 = y(¥*—1)=0 = y=0,=1. So our critical points are (%1, 0), (1, £1). The second
partial derivatives are fz»(z,y) = —8z, fry(z,y) = 0, and fyy(z,y) = 1292 — 4, s0

D(z,y) = faa(2,y) fin(2,y) — [fou(z,¥)]* = (—63)(12y* — 4) — (0)* = —72zy* + 242. We use the Second
Derivatives Test to classify the 6 critical points:

Critical Point D frz Conclusion
(1,0) 24} -6 | D>0, fz2<0 = fhasalocal maximum at (1,0)
(1,1) —48 D<0 = f has asaddle point at (1, 1)

1 @, -1 —48 D<o = f has a saddle point at (1, —-1)
(-1,0) —-24 D<o = f has a saddle point at (—1, 0)
(-1,1) 48 6| D>0,fzz >0 = fhasalocal minimum at (-1, 1)

(-1,-1) 48 6 | D>0,f:: >0 = fhasalocal minimum at (—1,—1)




6. f(z,y) =2’y + 1222 -8y = fo. =3z%y+ 24z, fy =z° -8,
fzz = 62y + 24, foy = 322, fyy = 0. Then f, = 0 implies z = 2,
and substitution into f; =0gives 12y +48 =0 = y= -4
Thus, the only critical point is (2, —4).

D(2,~4) = (—24)(0) — 122 = —144 < 0, s0 (2, —4) is a saddle

point.




. f(z,y) = ey =y o fz= —2ze4y—:2'“2,

fu=4- 2y)e4”"’2_”2, fez = (42° — 2)84““2'“2,

foy = —2z(4 — 2y)e4y_"'2“yz,

Ffov = (49% — 16y + 14)e®~="~¥" Then f, = Oand f, =0
implies z = 0 and y = 2, so the only critical point is (0, 2).
D(0,2) = (—2¢*)(~2e*) — 02 =4 > Oand

f22(0,2) = —2e* < 0,50 £(0,2) = e* is a local maximum.




=2z — 2:1:_3y‘2,

2,2
fu=2y—227"2%73 foo =2+627%y 2 f,, =2+ 627274,
fey = 4273y 73. Then f. = 0 implies 2z*y? —2 =0orz*y? =1
or y? = ™%, Note that neither « nor y can be zero. Now f, = 0

implies 222y* — 2 = 0, and with y2 = 2~* this implies

227 —2=0o0rzb =1 Thusz =l andifx = 1,y = £1; if

z = —1,y = £1. So the critical points are (1,1), (1, —1),
(=1,1) and (—1,—1). Now D(£1, £1) = D(£1,F1) = 64 — 16 > 0 and f,. > 0 always, so
F(£1,£1) = f(£1,F1) = 3 are local minima.



16. f(z,y) = zye > ¥
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There appear to be local maxima of about f(£0.7,+0.7) ~ 0.18 and local minima of about
F(£0.7,F0.7) = —0.18. Also, there seems to be a saddle point at the origin.

f:: = ye—zz—y'l (1 _ 21:2), fy = me—zz—y2 (1 _ 2y2)’ fz:: = 2mye_22_y2 (21:2 _ 3),
foy = 2mye”2'”2 (2y2 - 3), faey = (1 — 2.7:2)e"’2_"2 (1 - 2y2). Then f, = Qimpliesy =0 orz = :l:715.
Substituting these values into f, = 0 gives the critical points (0,0), (715, 1715)’ (—-715, :I:VIE) Then

D(@,y) = (=) [4ay? (2% - 3) (29" - 8) — (1 - 25)*(1 - 24*)*] 50 D(0,0) = 1, while
D(tdp) > 0and D(—Jp,235) > 0. But £ (35, 9g) < 0. £ (I -3) > 0

fzz (—-715, 715) > 0and faz (—715, —715> < 0. Hence (0,0) is a saddle point;
)

= —5- are local minima and f(%,%) = f(——%,—%) = - are local



2. f-(x,y) =4 — 2z and fy(z,y) = 6 — 2y, so the only critical point is (2, 3) (which is in D) where f(2,3) = 13.
Along L1:y = 0,50 f(z,0) =4z — 2% = — (z — 2)2 + 4,0 < z < 4, which has a maximum value when = = 2
where f(2,0) = 4 and a minimum value both when z = 0 and = = 4, where f(0,0) = f(4,0) =0. Along Lo:
z=4,50 f(4,y) =6y —y° = —(y — 3)2+ 9, 0 < y < 5, which has a maximum value when y = 3 where
f(4,3) = 9 and a minimum value when y = 0 where f(4,0) = 0. Along L3: y = 5, so i
f(z,5) = ~2? +4z+5 = —(z — 2)% + 9, 0 < = < 4, which has a maximum value when z = 2 where
f(2,5) = 9 and a minimum value both when z = 0 and = = 4, where f(0,5) = f(4,5) = 5. Along Ls: z = 0, so
f(0,y) =6y —3y*=—(y—3)*+9,0 < y < 5, which has a maximum value when y = 3 where £(0,3) = 9 and
a minimum value when y = 0 where f(0,0) = 0. Thus the absolute maximum is f(2,3) = 13 and the absolute
minimum is attained at both (0, 0) and (4, 0), where f(0,0) = f(4,0) = 0.

¥y
L, (4, 5)
05
L, L,

0.0 L, @40 =




(a2b2c2 — 22z a2c2y2) 1/2

38. Here maximize f(z,y) = zy poTe . Then
fo = yc? aZb? — 2b%x% — a?y? df, = zc? a?b? — 2a2y? — b2z The
=T a2b? (a2b2c? — b2c2x? — a2c2y?)/? mely = a?y? (¢z2172c2 b2c2z2 — a2c2y42)M/%’ o
a?b? — 2bz?

fz = 0 (with z, y > 0) implies y° = — and substituting into f, = O implies 36z* = a25% or

£ = Jsga,y = g band then z = J= c. Thus the maximum volume of such a rectangle is

= (20)(29)(22) = 55 abe.



45. Note that here the variables érg m and b, and f(m,b) = f: [y: — (mz: + b)]%. Then

fm= Zn: —2z;[y: — (mz; + b)) = 0 implies Z (ziys — ma? —bz:) = 0or E Tigi=m E 2 +b E z;
i=1

i=1

and f, = Zn: -2y — (mz; +b)] = 0 implies E yi=m E zi + E b= (i .’ci) + nb. Thus we have

i= i=1 - i=1 i=1

the two desired equations. Now frm = E 222, fop = E 2=2nand fmp = Z 2z;. And fum(m,b) >0
i=1

always and D(m, b) —4n(2 ) —4(i z;)2 =4[n(i z?) - ()'f: a:.-)2} > 0 always so the

i=1 i=1 i=1 i=1

solutions of these two equations do indeed minimize E d?.
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